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Abstract 

The so-called ground state representation for the Laplacian on a 
subdomain of M" is used to derive certain many-particle Hardy in- 
equalities in a simple and systematic way. This includes geometric 
extensions of the standard Hardy inequalities to involve volumes of 
simplices spanned by a subset of points. Clifford/multilinear algebra 
is employed to simplify geometric computations. 



1 Introduction 

During the past century, Hardy inequalities have appeared in a variety of 
different forms in the literature and have played an important role in analysis 
and mathematical physics (see e.g. the books |10l [3] and the reviews in 
[T1[T2]). The standard Hardy inequality associated to the Laplacian in R'^, 
d > 3, is given by 

|2 



VnPdx > Cd / T^dx, (1) 
Jw^ \x\ 

with the sharp constant Cd = and any function u in the Sobolev 

space H^{W^). It states explicitly that the Laplace operator on M!^ is not 
only non-negative, but in a sense strictly positive, in that it is bounded 
below by a potential which even increases in strength unboundedly as the 
distance to the origin tends to zero. In quantum mechanics, this is a concrete 
manifestation of the uncertainty principle, and inequalities of this form have 
been crucial for e.g. rigorous proofs for the stability of matter (see e.g. [6]). 
In such many-particle contexts it becomes relevant to consider extensions of 
([TJ involving mutual distances between a (possibly large) number, say N , 
of particles. Also the sharp values of the corresponding constants as well as 
their dependence on are relevant for physical applications. 
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In [3], a number of such many-particle Hardy inequalities were studied, 
both for non-interacting bosonic and fermionic particles (i.e. completely 
symmetric resp. antisymmetric wavefunctions) , as well as for magnetically 
interacting two-dimensional particles, and the large- optimality of the de- 
rived constants was determined in the bosonic case. In the fermionic case, 
the optimal large- behaviour of the corresponding constants was deter- 
mined in |2j. 

In this note we will focus on the bosonic case and use the so-called 
ground state representation for the Laplacian on a subdomain of M" to 
derive the standard (bosonic) many-particle Hardy inequalities in a simple 
and systematic way. Using multilinear and Clifford algebra, the approach 
we take straightforwardly generalizes to other types of many-particle Hardy 
inequalities, involving geometric relatives and higher-dimensional analogs of 
distances between particles. Also the case of critical dimension, which for 
the standard bosonic case is equal to two, is covered, and corresponding 
inequalities involving logarithms found. We point out that some of the 
generalizations presented have been considered earlier by Laptev et. al. [5]. 
A more general discussion on the systematic application of the ground state 
representation, as well as numerous other examples of its usefulness, will be 
reviewed elsewhere fSj. 

The paper is organised as follows. In Section [2] we state the preliminary 
setup which allows for a straightforward and systematic derivation of the 
results. The main results are given in Section [3] as ground state represen- 
tations for the conventional many-particle Hardy inequalities in all dimen- 
sions (Theorems |3][7]) , for some alternative geometric cases where the origin 
is singled out as a special point (Theorems [Hl llOp , and finally for inequalities 
involving volumes of simplices of points (Theorems 1 1 HfT3]l . Some computa- 
tions involving multilinear algebra, and a brief note on the sharpness of the 
derived constants, have been placed in an appendix. 

Acknowledgements. I am thankful to Fabian Portmann for continuous feed- 
back during the writing of this manuscript and for collaboration on closely 
related subjects. I would also like to thank Bergfinnur Durhuus, Ari Laptev, 
Enno Lenzmann, and Jan Philip Solovej for discussions. This work was sup- 
ported by the Danish National Research Foundation and Nordita. 

2 Preliminaries: single-particle Hardy inequalities 

As a preparation, we start by recalling the ground state representation in 
a form which is well suited for our applications, and use it to derive the 
standard single-particle Hardy inequalities w.r.t. a point and a higher- 
dimensional subspace in M'^. 
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2.1 The ground state representation 

We have the following simple but general ground state representation (GSR) 
for the (Dirichlet) Laplacian on a domain in M": 

Proposition 1 (GSR). Let Q be an open set in M" and let f : Q ^ M_|_ := 
(0,00) be twice differentiable. Then, for any u £ Cq^{0,) and a G M, 

/ |Vupdx= / ( a{l - a)'^-^^ + a^^^ \u\'^ dx+ [ \Vv\'^f''dx, (2) 
Jn Jn\ J J J Jn 

where v := f~°^u. 

Proof. We have for u = f"v that Vu = af°'^^{V f )v + /"Vt;, hence 

Integrating this expression over 0, we find that the middle term on the r.h.s. 
produces after partial integration 

-a [ V- (/2"-iV/)|t;|2(ix. 
Jn 

Now, using that 

V • (/2"-^V/) = (2a - l)/2"-2|y^|2 ^ fa-i^f^ 

and collecting the terms we arrive at ([2D- □ 

It will in the sequel be very convenient to introduce some terminology 
related to the ground state representation. We refer to / as the (exact or 
approximate) ground state and to a as the GSR weight, while the potential 
term in ([2]), i.e. 

JV/P -A/ 

will be called the GSR potential. Note that the choice a = ^ maximizes the 
first term in the GSR potential, which would be the relevant term if Af = 
on Q, i.e. if / is a generalized zero eigenfunction for the Laplacian on 
In this case the resulting GSR ([2]) will usually be called a Hardy GSR. We 
emphasize (see also [8]) that an important advantage of having the ground 
state representation of a Hardy inequality is that the integral term involving 
in (l2|) provides a guide for proving sharpness (cp. Appendix B), and also 
opens up for improvements of the inequality. 
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2.2 The standard Hardy inequalities in 



nd 



The obvious ground states / for the Laplacian in M'^ are the fundamental 
solutions, 

f2{x) := hl|x|, Ajj2/2 = C2(5o, 

(where Sq are Dirac delta distributions supported at {0} and Cd some irrele- 
vant constants). Hence, for d ^ 2 we can consider the domain := M'^\{0} 
on which f '■= fd > and A/ = 0. ([2]) is therefore optimal for a = ^, and 
yields the ground state representation associated to the standard Hardy 
inequality ([T|) in M°': 



/ 

Jn 



V^pdx-^^— ^ f ^-^dx= [ \Vv\'\x\-^''-^Ux > 0. (4) 



The inequality @ holds for all u G CQ°(ri), and hence the l.h.s. is non- 
negative on i?o(0) (= H^iW^) for d > 2) by closure. 

For d = 2 we can take the domain Q := \({0} U S"*^) and ground 
state / := I/2I, so that / > and A/ = on J7. ([2]) then produces the 
corresponding two-dimensional Hardy GSR 

Vu\^dx-^ [ — — dx= / iVt;^ ln|x|| > 0. (5) 



4 Jq |xp(ln \x\)^ 

By closure, the l.h.s. is non-neg ative for u G H^{n) = H^{R^ \§^). 

Remark. In the above we used that Cq°(M" \{0}) is dense in i/^(M") (with 
the Sobolev norm) for n > 2. It is easy to see that similar density arguments 
are valid for C^(M"'\K) for the codimension k >2 subsets K we consider 
in the following, typically being finite unions of closed smooth or cone-like 
submanifolds of dimension n — k. 



2.3 Hardy inequalities outside subspaces 

Let us also briefly recall the generalizations of the standard Hardy inequal- 
ities dl])-© w.r.t. the point {0}, to corresponding inequalities w.r.t. any 
linear subspace in M"^. For later purposes, it is most convenient to state 
and derive these GSR in the language of geometric algebra (involving the 
Clifford algebra over W^] see [9j, or Appendix A). 

Let A := ai A. . .Aa^ 7^ be ap-blade, < p < d, i.e. an exterior product 
of p vectors aj G W^, representing the oriented p-dimensional linear subspace 
^ C M"' spanned by {aj}, with magnitude |^|. Note that the p + 1-blade 
xAA = Oii and only if £C G ^4. Further, 6{x) := |a; A^||^|~^ is the minimal 
distance from x to A, while the Clifford product {x A A)A~^ = (1 — P^)x, 
where P4 is the orthogonal projection on A. We then have the following 
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simple Hardy GSRs, which reduce to ^ resp. ([5]) for p = 0, and which will 
shortly be generalized to many-particle versions: 

Theorem 2 (d - p ^ 2). Let Q := {x £ : \x A A\ > 0}. Taking the 
ground state f{x) := \x A ^ ^^^'j-{d-p-2) obtain 

f iVupdx- / -l^l-\u\'dx= f \Vf--^u\'fdx > 0, 

Jn 4 J^\xAA\^^ ^ J^' ' 

(6) 

for u G C^{Q). The corresponding Hardy inequality for the l.h.s. holds for 
u G Hl{^) (= H^iW^) ford-p>2). 

Proof. By choosing a basis and coordinate system appropriately, one easily 
computes that A(^~(^~P"2) = q on 17 (/ is a fundamental solution to the 
Laplacian w.r.t. the subspace A). Furthermore, Vf/f = —{d — p — 2)V5/5, 
and it follows that the optimal weight is the standard Hardy a = ^, with 

\vf\yf^ = id-p-2)y6\ 

Alternatively, by employing geometric algebra we can avoid introducing 
coordinates and directly obtain V/ = — {d — p — 2){x A A)^'^ A"^ f and A/ = 
(see Appendix A). □ 



Theorem 3 {d — p = 2). Fix a length scale R > and consider Q := {x £ 
M"* : < |a; A A\/R / 1}. Taking f{x) := \ lnj^\x A A\\ we obtain 

[ \Vufdx- \ f ,^}^[ , —\u\^dx= f \Vf-^u\^fdx > 0, 

V 4j^\xAA\^(lnj^\xAA\y^^ V ' ' ' 

(7) 

foru£ C^{n). 

Proof. Here we have V/ = ±{x A A)^^ A (with a sign depending on p and 
which part of we consider) and A/ = ±(0? — p — 2)\A\'^\x A A\~^ = (see 
Appendix A). □ 

Remark. Due to the invariance of the Laplacian under translations, corre- 
sponding GSR of course hold also for affine subspaces a + A, a £ W^, simply 
by translation x x + a and considering Q := {\(x — a) A A\ > 0} (anal- 
ogously for d — p = 2). Furthermore, we note that the constants in ^ are 
sharp, just as for p = (cp. Appendix B). 



3 Many-particle Hardy inequalities 

We turn now to a systematic application of the GSR with approximate 
ground states to the setting of many-particle Hardy inequalities. 
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3.1 Conventional many-particle inequalities 

Consider a tuple {xi, . . . , X]\j) of N points, or particles, in M"^. We define the 
distance rij := \xi — Xj\ between two particles, and the circumradius Rijk 
associated to three non-coincident particles, 

cyclic in i, j, k 

i.e. the radius of the circle that the particles Xi, xj, x^ inscribe {Rijk '■= 00 
for collinear particles, for which the r.h.s. is zero; cp. Lemma 3.2 in 0). 
Let us first consider the total separation measured by the distance-squared 
between all pairs of particles: 

Theorem 4 (Total separation of > 2 particles). Let 
n := \{xi =X2 = ... = xn}. 

Taking the ground state p(x)^ := X]j<j \xi — Xj\'^ we obtain 

J \Vu\^dx-N (^^^d-?j J ^-^dx = J |V/9-2"^|V^"da; > 0, (8) 

for all u £ Co^(il), with the optimal weight a := _iiLz^ltz2. _ 

Remark. This gives a generalization to 7^ 3 of (3.5) in [3j. Note that 
codimfi'^ = dN — d = d{N — 1) and hence that the corresponding Hardy 
inequality on H^{^) holds on H\R'^^) unless d = 1 and iV = 2. The 
constant is sharp, as shown explicitly in the appendix. 

Proof. One computes 

VfcP^ = 2^{xk - Xj), 

hence 

Ap2 = 2 ^ ^ Vfc • {xk - Xj) = 2N{N - \)d, 

k j^k 

and 

|Vp2|2 = 8 5^ 4 + 8 ^ J^(a;fc - a^i) • (a^fe - a;,) = 4A^y92^ 

i<j k i<j 

where in the last step we used the identity 

^^(ajfc - Xi) ■ {xk - Xj) = — y— X] 1^* ~ ^jl^- 

k i<j i<j 

It follows that we have a GSR potential 

p4 V 2 J p^ 

which by optimization proves the theorem. □ 
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\u\ dx 



Next, we have as a special case of the following, the so-called 'standard' 
many-particle Hardy inequality: 

Theorem 5 (Separation and circumradii of pairs and triples of particles in 
d > 3). Let 

:= {{xi, ...,xn) eR'^^ -.Xi^ Xj \fi / j}. 
Taking the ground state f{x) := nj<fc \^j ~ ^kl^^^^"^^ we obtain 

[ \Vu\^dx-{d-2f f [2a{l-a)Y,^-a^ 75^) 

= [ \Vf-''u\'^f''dx > 0, 
Jn 

(10) 

for all u £ C^{Q) and a £ M. In particular, defining 

Ka,N :=sup ^ff<^^^(5'^ <iV-2<oo, (11) 

(the upper hound following from geometric relations; cp. Lemma 3.3 in 
and taking the then optimal weight a := jy have 

[ lKd^> I |V/-%|V'"d:r > 0. (12) 

Jo. 2 + Kd,N ^ Jn rf- Jq 

On the other hand, assuming a{l — a) > in ()10p and now using the bound 
(jlip on the term involving rij we obtain 

|2 

— n~ 



(13) 



again with the optimal weight a :- 



Remark. As pointed out in [3], using the geometric relations between sepa- 
ration and circumradii, the N = 'i case of Theorem [J] also implies 



a{l—a) 



Combining this with (jlOp . one is led to maximize ^^^^^ with 
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This results in 

[ \Vu\^dx-a(d-2fy^ [ ^-^dx> ^ / |V/""nP/^"d2; > 0, 

Jn f^. Jn rfj 1 + ca' Jn 

(15) 

with the optimal a := + + c) ^. The Hardy inequalities corresponding 
to ()12p and ()15p were given in the form of Theorem 2.1, (4.9), (4.11) in [3]. 

Remark. All corresponding Hardy inequalities from ()12p ~ ()15p hold on the 
full space of functions H^{R'^^) since codiml^'^ = dN-d-{N-2)d = d > 3. 

Remark. For N = 2 we simply have a = ^ and (fT2]) and (fT5]l reduce to ([8]) 
with the sharp constant (d — 2)^/2. It was also noted in [3j that the large N 
behaviour of the constant in (I12p / (jlSp with Kd^N ~ ^ cannot be improved. 



Proof. One computes 



Vkf = -{d-2)f^ixk-xj)-\ 



hence 



|V/|^ = (d-2)VM2^^+ W 

\ i<j «i i<j<k ^ 

and, due to ^xu\^k — a3j|~('^^^) = on (7, 

A/ = (d-2)V E 

i<j<k 

This gives the GSR (jlOp in the theorem. Bounding the (in total positive) 
term involving Rijk in that equation by the term involving rij by means of 
Kd^N in ()lip . we obtain the total constant in ()12p 



(d - 2)2a(2(l - a) - aK^.jv) = (d - 2)^(2 + Kd,N) « , ^ , 

which is optimal for a = (2 + ETf^^jv)"^. ()13p follows similarly. □ 

The one-dimensional case is much simpler due to collinearity: 
Theorem 6 (Separation of pairs of particles in c? = 1). Let 
Q := {(xi, . . . ,xn) G : Xj / Xj Vi / j}. 
Taking the ground state f[x) := nj<A; l^i ~ ^^1 obtain 

I iVnPdx-- / W\u\^ dx= I \V r^^u\^Wri.dx > 0, (16) 

for aUueC§°{n). 



8 



Remark. This is a GSR version of Theorem 2.5 in [3]. The corresponding 
inequahty holds for aU u £ Hq (17) (note that codim rj'^ = 1 in this case) and 
is sharp. 

Proof. In this case Rijk = oo and A/ = on fi. Hence a = ^ optimizes the 
GSR. □ 

For the two-dimensional case we fix a length scale R > and define 
rij . — Xj I In — \ xi Xj | , 

and Rijk by 

"^^ijk cycl I ^1^* ~ ^-^'l I I ~ 

Theorem 7 (Separation of pairs of particles in c? = 2). Let 

n := {{xi, ...,xn)€R^'' -.xi^ xj yi / j} n (b^j/2(o))^. 

Taking the ground state f{x) := Y\.i<j \ ~ obtain 

Jn 

for all u G C^{^). Hence, if K2,n ■= sup^^^^Yl ^ijl/ T^r^/ > if^en 

[ \Vu\' dx - —^-—V] f ^-^dx> I \Vf--u\'f^^dx > 0, (18) 
2 + K2,N f^. Jn rfj Jn 

and 

I iVnpdx- \ [ ^dx> [ |Vr"n|2/2"dx > 0, 

Jfi J^2,N[^ + ^2,N) i^f,Jn R-jk Jn 

(19) 



with a :- 



1 

2+K2,N ■ 



Remark. Here we have a rough bound K2^n ^ 2(A^— 2), which simply follows 
by applying the Cauchy-Schwarz inequality in to each term in (fT7|) . 
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Remark. In this case we have from ()18p a non-trivial two-dimensional many- 
particle Hardy inequality on Hq{^) = Hq{B{i/2{0)^). This correponds to 
the physical situation where we consider the particles to be confined to a 
finite area. Also note that, despite the logarithms, this inequality gives a 
rough lower bound 

f , ,9 const • (^) 
inf / \Vu\^dx > ^^'^^ 

II«IIl2=i 

to the ground state energy of a confined gas of two-dimensional non-inter- 
acting bosonic particles, which hence is of the same form as for d > 3. 

Proof. This theorem follows just as in the proof of Theorem [5l using that 
Vfe/ = fEj^k I In^^la^fc - Xj\\~\xk - Xj)-^ and A/ = fEi<j<k^ijl- ° 

3.2 Some other inequalities of many-particle type 

Associated to the original one-dimensional Hardy inequality away from the 
origin is also the following 'many-particle' version: 

Theorem 8. Let 17 := {{xi, . . . ,xn) £ : xi...xn 7^ 0}. Taking the 
ground state f{x) := Y[k=i \x\'^^^~^'^ we obtain 



up dx 



N 

\vr-2u\^ 

k=i 

for all u G C^(il). Hence, the l.h.s. is non-negative on Hq{Q). 



N 

/ |vri^x|2rr|xfciix|2(i-^)(ix > o, 

Jn r" 1 



Remark. The corresponding Hardy inequality was proved and applied in 



Proof. A simple modification of Proposition [T] to involve a product g°'h^ of 
ground state ansatze gives the GSR potential (see also [8j) 

JV^P -Ag ^, ^^|V/^P -Ah „Vg-Vh 
g g h^ h gh 

With g := Hfc l^fcl ^ '■— I^P' using that Vkd = d/xk, Ag = 0, 
Vfc/i = 2xk, and Ah = 2N, we find the potential 

1 (l + 2a)iV \ 1 

[ — — — 

which with the condition that the first term be optimal yields a := ^ and 
/? := We also note that codimO'^ = 1. □ 
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The following application of our systematic approach has some relations 
with bosonic and super symmetric matrix models (see e.g. [7j). Consider an 
A'^-tuple (a?!, . . . , iCjv) of vectors in and define the bivectors (2-blades) 
Bij := Xi AXj, i < j, with magnitudes 



l^u l — Y I'^d^l'^iP '"^j)^ — I ''^^ 1 1 ''^j I sin , 

and inverses B^j^ = (xi A Xj)^^ = —{xi A Xj)/\Bij\'^ (again, cp. [9j or 
Appendix A). Note that Bij = if and only if Xi and Xj are parallel. We 
define the corresponding geometric quantities 

Si(x) := \xj L {xj A Xk)-^f = ''jl^'^j.^p , 

j^k j<k ^ 

and 

where we note that 

-Xi L {xi A x^Y^ = Xi{xi A X],)\xi A ajfel"^ 

is the vector in the (oriented) plane Xi A X\^ obtained by rotating Xi by 90° 
towards x\^ and rescaling by the inverse area \xi A X}\^^ . We then have 
the following result, which one could think of as a higher-dimensional com- 
bination of Theorem [2] with Theorem [Sj involving 1-dimensional subspaces 
{^A = Xj) instead of 0-dimensional {A = 1): 

Theorem 9 (Parallelity of pairs of vectors in d > 3 or d = 2). 

Let ^} := {(a^i, . . . ,X]sf) e M.'^^ : Xi A Xj ^ \/i ^ j}. Taking the ground 

state f{x) := nj<fc l^i^l"^'^"^^ obtains 

I \Vu\^ dx - {d - 3f {a{l - a)^i - \uf dx 

Jn Jn 

= [ \V r'^u\^ f'^ dx > 0, 
Jn 

for all u G Co°(il). Hence, if Cd^N '■= sup^.^^ 5]2(a;)/Si(x), then 

[ \Vu\^dx- ./"^"j!^^ , f ^i\ufdx> [ |V/-"n|2/2°dx > 0, 
Jn 4(1 + Cd,N) Jn Jn 

and, 

I l^^l'^^-TTT-^TTTT^ / ^2\u\Ux> [ iVr^lVt^x > 0, 

Jn 40d,Ar(l + Od^ATj Jq 

with a := 2{i+Cd n) ^^''^ ^'^^^ inequalities). 



11 



Remark. Note that here Cd^N < N — 2 hy the Cauchy-Schwarz inequahty 
in W^. Furthermore, codimr2'= = dN - {N - 2)d - d - 1 = d - 1, so the 
corresponding inequalities hold on H^(M.'^^) for d > 2. 

Remark. For = 2, we have S2 = and hence the optimal and sharp 
2-particle Hardy inequality 



/, 



|Vn|2 dx > ^^-^ / tll±^\u\^ dx, (20) 



4 Jj^2d \xi A X2\'^ 
for u e Fi(R2<i), d > 3, or u G i7o^(17), d = 2 (cp. Theorem [2]). 
Proof. One computes (see Appendix A) 

Vfc/ = -^^^fJ2\B,k\-^Vk\Bjk\^ = -{d-3)fJ2^j L (a;,- Aa;fc)-\ 
implying 

|V/p = ((i-3)2/2(Si + S2), 
as wen as Af = {d- 2,f due to Ak\Bkj\'^'^~^^ = on J] Vj. □ 

For the critical case d = 3 we once again need a length scale. One natural 
way to obtain this in the context of matrix model^is to introduce the matrix 
model potential W := 'Yl,j<k \Bjk\'^ and consider e.g. J^q := H {W < R} 
for which HI{^Iq) = Hl{{W < R}). Defining 



j<k \Bjk\^\'^T^ji\Bjk\ 



and 



^2(2;) .- 2^ 1 |„ II • 1 |„ I 



we then have the following analog of Theorem ^ 

Theorem 10 (Parallelity of pairs of vectors in d = 3). Taking the ground 
state f{x) := Y[j<k I obtains 



/ |Vn|^dx— / (a{l — a)t,i — \u\^ dx 

= [ |V/-"np/^" f^a; > 0, 



^The case with d = 3 and A'' particles corresponds in the matrix models to dimensionally 
reduced SU(2) Yang-Mills theory from A'' + 1 spacetime dimensions. 
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for all u G C^{VIq). Hence, if C^,n ■= sup.gj^^ S2(a:)/Si(x) (< N -2), 
then 

[ |Vn|2(ix- — / ti\u\'^dx> [ \Vf~'^u\'^f^''dx > 0, 



and, 



[ |V/ 
Ja.0 

with a := 2(1+03 n) '^^'^ ^^^^ inequalities). In particular, with N = 2, 



V^pdx- / t2\u\^dx> I \Vf-^u\^f^'^dx > 0, 



1 f |a;i|2 + |a;2'2 

/or a//nG H^{{W < R}). 



\Vu\'^dx>- LJJ L^l ^\ufdx, (21) 

« 4 7]r6 /yaj^p (In-^lici Aa;2|) 



The proof is completely analogous to the proof of Theorem[9l with similar 
modifications as in Theorem [71 

3.3 Inequalities involving volumes of simplices of points 

Consider again a tuple of N vectors in W^, but now think of them as points. 
These points span a (possibly degenerate) N — 1-simplex with volume given 

by 

V{xi, . . .,xn) := TTT^— iTrk^i - ^n) a ... a {xn-1 - Xn)\ 



{N-iy. 

-^yyl det[(a;j - Xn) ■ (xk - XN)]i<j,k<N\ 



2 



Note that this expression is invariant under any permutation of the points 
(this is also shown explicitly in Appendix A). We have then the following 
geometric generalization of the N = 2 case in Theorem U] (or [5]) : 

Theorem 11 (Volume of the — 1-simplex of A^ points in M*^, d > N 
or d = A - 1). Consider Q := {{xi, . . .,Xn) G : V{x) > 0} and the 
ground state f{x) := {{N — 1)! V{x))~^'^~'^\ Denoting 

{N-lYV{x,,...,xr,Y 
(where" means deletion), we then have 



\Vu\^dx-^ / ^^'^>\u\^dx= / \Vf-2u\^fdx > 0, (23) 

n Jn Jn 

for all u £ C^{i}). The corresponding sharp Hardy inequalities hold on 
iJi(M'^^) ford> N and H^{n) ford = N -1. 
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Before proving this theorem, it is convenient to introduce the following 
notation: 

Ak[x):={-lf-^ l\ {x^-xn), A; = l,...,iV-l, 
Ak=N{x) ■■= /\ {xj-XN-i), and 

l<j<N-l 

A{x) := /\ {xj - xn), 

l<j<N 

SO that 

N N 

k=l k=l 

Note that S^^^ describes a ratio of a mean of squares of volumes of all N — 2- 
dimensional subsimplices Aj. to the square of the volume of the full simplex 
A. In particular, for = 3, 

V(3) ^ ^12 + ^23 + 4i ^ ±^ 

4V{xi,X2,X3y - 27i?4' 

where we used that the simplex area V is bounded by times the area of 
the circumcircle. 

Proof of Theorem\ll[ Note that we have defined Afc<Ar and Aj^ s.t. (cp. 
Appendix A) 

A = {xk - xn) A Ak = {xn - xn-i) /\ An. (24) 

For each fixed k < N we then have f{x) = \{xk — x^) A Ak\^^'^~^^ and 
just as in Theorem [2] that Vr^J = 2 (d - N){Ak l A-^)f and 

^Xkf — 0) hence the following optimal single-particle Hardy GSR: 

/ \Vku\'^dx-^^—^ [ \Ak ^ A-^\^\u\^ dx = I \Vkf-^u\ydx. (25) 
Jn 4 Jq Jq 



For k = N we use the invariance of V under permutations, i.e. ()24p . and 
write instead f{x) = \ {xn — xn^i)AAi\i\~^^''^\ with analogous conclusions. 
Hence, | V/p = |Vfe/|2 = {d - A^)^^^/^, A/ = ^fc ^kf = 0, and the 
GSR (f23|) follows. Finally, note that in this case codimil^ = dN — {N — 
l)d- {N -2) = d- N + 2 and hence H^{n) = H^R"^^) for d > N - 1. 
Sharpness is proven in Appendix B. □ 

Again, for the co dimension-critical case d = we fix a length scale 
R> and restrict to, e.g., := {{xi, . . . ,Xn) & K'^^ : V{x) < R}. 
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Theorem 12 (Volume of the d — 1-simplex of d points in M.'^). Consider 
$7 := {{xi, . . . ,Xd) € M'^^ : < V{x) < R} and the ground state f{x) := 
|ln-^y(2;)|. Denoting 

{d-iyVix^,...,Xdf{lnj^V{x,,...,Xd)f' 

we then have 

[ iV-updx-j / t^'^^\u\'^dx= [ \Vf-^u\'^fdx > 0, (27) 

for all u G C^(i7). The corresponding Hardy inequality holds on Hq{^}ji). 

Proof. This is completely analogous to the proof of Theorem [TTl using that 
V^J = -{-lf'^"){Ak L ^-1) and A^J = 0. □ 

Now, whereas Theorem [U] involved all possible quantities \Bij\ = \ {xi — 
0) A {xj — 0)1 among points, i.e. (twice) the volumes of all 2-simplices 
spanned by selections of points of the form {xi,Xj,0}, this can naturally 
be generalized to higher dimensions as follows. This is both a geometrically 
and combinatorially more complete generalization of Theorem O which cor- 
responds to p = 2: 

Theorem 13 (Volumes of all simplices oip points among A'^ points ind ^ p). 

Consider Q := {{xi, . . . ,xn) M'^^ : V(x) > 0} where 

V(x) := ^—(nT n I -Xj^)A...A {Xj^_^ - Xj^)\ 

{{p-iy.)^p^ i<n<...<jp<N 

is the product of the volumes of all p — 1-simplices in spanned by p of the 

points {a;j=i,...,Ar}, and take the ground state f := I {{p — 1)!)*^P''V) 

Denote by A = A{p,N) the set of ordered subsets A = (Ai,...,Ap) C 
{1, . . . , N} of p elements out of N. For A G A define the p — 1-blade Ax := 
A(xxj^, . . . , x\^), and for each k £ X let ^A,fc denote a p — 2-blade s.t. Ax = 
{xk — xxq) A Ax^k for some Xq £ X\k. With 

N 

-(P.^)^^^ ._ 1/1,., _ I /I, . |2 /I |2 



and 



fc=lAGA:fcGA AeA feeA 



N 

Sf'^)(x):=5^ Y: {Ax,k - a-') . {A,,k - a-') , 

k=l X,fi&A: 
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we then have 



J I Vn|2 dx-{d- pf j (a(l - a)S;^'^) - a^E^^'"^)) dx 

= [ \Vf-'^u\'^f'^dx > 0, (28) 
Jn 

for all u G C^(0). Hence, if C^l}j := sup^^n ^2'^\x)/^t^\x), then 

f iVtxpdx- ^"^-Pf^ f l]f'''^\u\^dx> I \Vf-''u\^f^''dx > 0, 

(29) 

and, 



(30) 

TOi/i a := ^ ■ 

Remark. Note that by Cauchy-Schwarz in M*^, 

fe X3k iJ,3k 



=j:x:iA,,.^-p.j:i=(('j:;)-i)Er'. 



k Asfe 

hence C^lf < (^JTi ) — 1- Furthermore, as in the single- volume case one finds 
that codim Cl'^ = d — p + 2. 

Corollary. For d > p we have the generalized many-particle Hardy inequal- 
ity 



> 0, 

for all u G H^{W^^). The inequality holds for u G -ffo(^) when d = p — 1. 
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Proof. We have / = nAeA(p,7V) I Al"^''"^^ with Ak\Ax\~^'^'P^ = Oonn Vk, A, 
and hence 

(d-p) 



f \Ax\-'V,\A,\^, 



2 



and 



-{d-p) 



X3k fiBk : v^X,^ 

Then, again using ()3ip from Appendix A, 

VfclAAp = VfcKsfc-a^Aj A^A.fcP = (-l)(''2')2^A,fc L ^A, 
we therefore obtain 

I v/p = 5: Wkf? ={d- pff (s?'^) + 

and 

The GSR and inequahties ([2U|) - PU|) now follow as in the earlier theo- 
rems. □ 



Remark. For the optimal large-A^ dependence of the constants in these 
many-particle inequalities, it becomes relevant to study the ratio of the 
geometric quantities w.r.t. the optimal asymptotic probability distribution 
p of points in W^; 

' P>0 : dp{a^)=i /iRPd (a;i , . . . , Kp) nLi M^k) ' 
where q = p + 1, . . . ,2p — 1, S^^) was defined in and 

iex,neA{p,q) TT&Sq 

: |An/i|=2p-g 

are higher-dimensional generalizations of a single circumradius contribution 
Related optimizations involving lower-dimensional geometric quanti- 
ties have been discussed in Remarks 2.2(iv) in [3J (see also tl2J), 3.1 in [2], 
and also e.g. (2) in |llj . 
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It is of course possible to generalize Theorem 1131 even further and consider 
the volumes of all simplices among points (i.e. all simplex dimensions 
simultaneously), including the case of critical codimension. We will not state 
the corresponding theorem explicitly here. 

Appendix A: Some applications of geometric alge- 
bra 

The geometric algebra over is the exterior algebra f\ together with 
the left- and right-interior products {A, B) A i- B, (A, B) A j B and 
the associative Clifford product {A,B) i— )• AB, which are inherited from the 
usual Euclidean scalar product {x,y) t-^ x ■ y. A p-blade A is an exterior 
product of p vectors and is uniquely determined by its corresponding p- 
dimensional subspace A, orientation, and magnitude |^| := V AA'^ , where 
At := i-lp A is the reverse of A. Note that if A, B are blades then their 
exterior and interior products A/\B and A i- B are blades as well, and that 
A^B = ABifACB (see e.g. Section 3 in [9j). 
If A is a p-blade then the gradient 

Va^\x A A\^ = 2{x A A)At = 2A^{A Ax) = (-1)(''^')2A ^ {x A A). (31) 

One way to see this is to note that it is trivially true for A = 0, and that 
for yl 7^ we can write any point x in uniquely as 

x = xAA^^ = {x L. A)A^'^ + {x A A)A^'^ = ajy + x±, 

where a^y := P^x is the orthogonal projection on A and x± := (1 — P^)x 
(the so-called rejection on A; see e.g. Section 3.3 in [9J). Hence, 

V^\xAA\^ = V^|(a; AA)yl-^|VP 

= + 2x_l\A\^ = 2{xAA)AK 

The other equalities in (|31|) follow by taking the reverse. 
It then also follows that 

\V^\x A A\'^f = 4 ((a; A A)A^^ (^{x A A)A^y = 4\A\'^\x A Ap, 

V^|£C A • Vy\y A = 4((a; A A)A^) • {{y A B)B^) 

= A{A^ L (A A x)) ■ {B^ L (S A y)) 

= (-l)('t')+('t')4(A L {x A A)) -{B^iyA B)), 
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for A,B p- resp. g-blades, and, by e.g. Exercise 3.6 in [S], 

d 

A^\x A Af = 2V^{x A A)A^ = 2 X] ^^(^fc ^ ^^^^ = ^('^ ~ 

fc=i 

as well as (outside the support of the corresponding distribution) 

A^\xAAff^ = ^{^ - \)\x A Aff^-^\V ^\x A Af'\ 
+ ^\x N Aff^^'^ A^\x N Af 
= 2/3(2/3 + d-p-2)|A|2|a; A Ap/^-^ 

which is zero for /3 = — (d — p — 2)/2. Furthermore, (again on a suitable 
domain) 

Va; In A ^1 = ^|a; A A\~'^V x\x A = (a; A ^)"-^A^ 
it 2 

Aa,ln^|a; Ayl| = ;^Va; • (|a; A^|~^Va;|a; A = [d - p - 2)\Af\x N A^"^ . 

±\j 

Lastly, we have the following explicit invariance of the simplex volume 
under permutations of the points: 

Proposition 14. Let A := Ai<j<Ar(''^j ~^n) be the N — 1-blade associated 
to the points {xi, . . . ,X]\f). Then A is invariant, up to a sign, under any 
permutation of the points. 

Proof. A is due to the total antisymmetry of the exterior product clearly 
invariant under any permutation a of {xi, . . . ,xiy^i), up to a sign (sgncj). 
Furthermore, for any 1 < k < N , 

A = {xi — Xn) a ... a {xk — ajjv) A ... A {xj^^i — Xn) = 
k-l N-l 
= A -^k + Xk- Xn) a {Xk - Xn) a /\ {Xj -Xk+Xk- Xn) 
j=l j=k+l 
k-l N-l 

j=i j=k+i 

N 

= i-l)''-' /\{xj-x,), 

by multilinearity and antisymmetry. The proposition then follows by com- 
position of permutations. □ 
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Appendix B: Sharpness of derived constants 

For completeness, we briefly note in this appendix how the explicit ground 
states / in the derived Hardy GSRs also can be used to determine sharpness 
of the constants in the corresponding Hardy inequalities. 

Lemma 15. Suppose that Q and f in Proposition {1\ are such that = 
and 

i) /jgn /^~^e~l^l dx is uniformly bounded for small 6 > 0, 
a) /jg„ ^'^/i yi-'^e~l^l dx is finite for small 6 > 0, but oo as 5 —)• 0. 



Then, for every e > there exists us := f^f 2e 2 1^1 £ H^lM!^^), with 6 > 0, 
s.t. 



[ \Vus\^dx<(j + e) [ 



|V/| 



1^5 dx. 
f^ 



(32) 



Remark. If f{x) — t- as 2; — )• dil., then we reverse the sign on 5 above and 
note that us € Hq(Q,) for small 6. 



Proof Using that us £C^{n\ {0}) and 
\Vus\ 



V/ 6Vf V\x\ 
jjus - -^us - -^us 



1+^|V/| 1 

<— ^\U8\ + ^\US\ 



on $7 \ {0}, we find by and ii) that us G i?^(M") for sufficiently small 
(i)(5 > 0, and that 

V/ 



/ 



-Us 



- I 2 2 2 



L2 

V/ 

/ 



1,, ,, 



-US 



L2 



V/ 
/ 



-US 



L2 



where C < 00 denotes a bound for i). The result follows by taking — t- 0. □ 

The conditions i) and ii) above typically hold when / is of the form 
f ^ Sq^^ near dO,, where 6q is the distance to Q,'^ and k the codimension 
of ff^. Let us prove this explicitly for some of the Hardy GSRs considered 
in this paper. 

Proposition 16. The constant {d — p — 2)^/4 in 1^ is sharp. 

Proof. As in Appendix A, we split the space M'^ into variables a;|| G A, and 
x_i orthogonal to A. Then, since f{x) oc \x±\~^'^^p~^\ 

Jr'' Jrp Jr''-p 



^-(rf-p-2)(l-5)g-§^d-p-l 



dr, 



r=0 
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which is uniformly bounded for < \6\ < 5o, and 

Jm'* / Jrp Jr'^-p 

Jr=0 Jrp 

which is finite for < (^-^6 < 6o, but tends to infinity when (5 — )• 0. Hence, 
by Lemma [T5l the constant in the GSR potential ^^jfj = ^'^ ^ is 
sharp for d ^ p + 2. □ 

Proposition 17. T/ie constant N{{N - l)d - 2)^/4 in dSD is sharp for 
{N-l)d > 2. 

Proof. The set fi'^ in Theorem U] is a linear subspace of which can be 
parameterized by, say, G M.'^. We then have the ground state 



(N-l)d-2 
2 



\i<N i<j<N 

where we for fixed X]\f define j/j := Xi — . Hence, using that 

\y? ■■=Y.\y^\" < p" < Y.\y^\" + Yl [\y^? + \y^')<c\y? 

i<N i<N i<j<N 

(here and in the following, C will denote some unspecified positive con- 
stants), we find 



(where x = {x' , xjy)), which is uniformly bounded for < 6 < 6o, and 



f 



N, 



which is finite for Q < 5 < 5q, but tends to infinity as 5 — t- 0. Hence, the 
GSR constant in ([8]) is sharp by Lemma [T5l □ 

Proposition 18. The constant {d — 3)^/4 in ()20p is sharp. 
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Proof. Here f{x) = \xiAx2\''^'^''^^ and 17^= = {{xi,X2) G M^'^ : XiAx2 = 0} is 
a cone-like set which can be parameterized by xi € M'^ \{0}, 032 G Mxi, and 
xi = 0, X2 € M*^. Hence, for each fixed a;i 7^ we spht the second variable 
into X2\\ along, and X2± orthogonal to, the line Ma^i, write \xi A X2\ = 
\xi\\^2±\, and deduce (with 6' := {d — 3)6) 

= / / [ e-\-\dx2ii\x2±\-'-''-^^+''dx2±\x,\-^''-^^+'' dx,, 



and 

|2 



J^2d \xi A a;2r JvL^'i \xi A a;2r 

= 2 / / / e-l^ldx2|| |^2±r'~('-')+''d^2± |a;ir('^-3)+^' dxi, 

with similar conclusions as in our earlier examples. □ 

Proposition 19. The constant {d — N)'^/A in ([23]) is sharp. 
Proof. Here f{x) = with A = /\fs^\xj - xn), and = {x e 

^dN ■ ^ = Q| ga,n be parameterized hy x^ G M'^ and, defining yj := Xj—x^ 
for each fixed a;jv, by 

?/iGM'^\{0}, y2eR'^\My„ y^ eR'^\y, Ay2, Vn-i ^B, 

(33) 

with B := yi A . . . A y7v-2) P^^^s, = 0; yj=2....,N~i ^ ^^'^j ^-^^ so forth. 

Hence, for each fixed x^ gM.'^ and yj=i^,,,^N-2 general position as in 
([33|1 we split the last variable yN-i iiito j/y G i3 and orthogonal to B, 
write 1^1 = \B Ayj^_i\ = \B\\yj_\, and deduce (with 6' := {d — N)6) 

Vr'*^ Vr'* JR'* \{0} Vr'* \yiA...Ayjv_3 Jm.'^-^+'^ 7r^-2 

and 

= n[ [ ...[ / / e-Ndy,, 

with similar conclusions as in our earlier examples. □ 
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